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C$ , Abstract. Let H s be a genus g handlebody, and T g = dH g a 

closed connected orientable surface. In this paper we find a finite 
set of generators for £f, the subgroup of PMCG2(T g ) consisting 
of the isotopy classes of homeomorphisms of T g which admit an 
extension to the handlebody keeping a properly embedded trivial 
£-H ' arc fixed. This subgroup turns out to be important for the study of 

\ knots in closed 3-manifolds via (g, l)-decomposition. In fact, the 

knots represented by the isotopy classes belonging to the same left 
'■^ ' cosets of £f in PMCG2(T S ) are equivalent. 
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O ' 1. Introduction 

\D ' 

O ' The study of knots and links in closed 3-manifolds via Heegaard 

. decompositions was started by Doll in where the notion of (g,b)- 

decompositions of links is introduced. In particular, the case of (1,1)- 
decompositions of knots in lens spaces and in the 3-sphere has been 
extensively investigated in several papers (see for example (21 El 13 13 
IHl El HH] ) ■ More generally, any knot K in a 3-manifold M of Heegaard 
genus h admits a (g, l)-decomposition for a suitable g > h. This means 
that there exists a genus g Heegaard splitting (H 5 , H^) of M such that 
T g = dH g = dH'g is transverse to K and splits it in two arcs, A <Z H g 
and A' C H^, parallel to T g (for details see jS]). As a consequence, 
the knot K can be represented, up to equivalence, by an element of 
PMCG 2 (T g ), the pure mapping class group of the twice punctured 
surface of genus g. Moreover, if a homeomorphism ip : (dH g ,dA) — > 
(dH g ,dA) admits an extension to the handlebody H 9 fixing A, the 
knot K^p, represented by the isotopy class of i/;, is the trivial knot in 
the connected sum of ^-copies of S 1 x S 2 . Therefore, if we denote 
with £f the subgroup of PMCG2(T 9 ), consisting of the elements which 
admit an extension to H g fixing A, and JC 9i i is the set of all the knots 
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admitting a (g, l)-decomposition, there exists a surjective map 

Q g : PMCG 2 (T s )/£f - JC gA , 

where PMCG 2 (T 9 )/£f denotes the set of left cosets of £f in 
PMCG 2 (T 9 ). 

The aim of this paper is to find a finite set of generators for £f . In 
Section we introduce notations, describe some significant elements of 
£f , which have an explicit topological meaning, and recall some known 
facts. The main result of the paper is given in Section |21 where a finite 
set of generators for £f is obtained, for each g > 1. 

2. Preliminaries and notations 

Given a closed orientable connected surface T g of genus g > and 
n distinguished points Px,...,P n on it, called punctures, we denote 
with TC n (T g ) (resp. .F n (T s )) the group of orientation-preserving home- 
omorphisms h : T g — ► T g such that h({P±, . . . , P n }) = {Pi, . . . , P n } 
(resp. h(Pi) = Pi for i = 1, . . . , n). The n- punctured mapping class 
group MCG n (T g ) (resp. the n-punctured pure mapping class group 
PMCG n (T g )) of T g is the group of the isotopy classes of elements of 
H n (T g ) (resp. T n {T g )). Clearly, neither MCG n (T 9 ) nor PMCG„(T 9 ) 
depend on the choice of the punctures on T g . There is an exact se- 
quence 

1 -> PMCG„(T 9 ) -> MCG„(T 9 ) -> E n -> 1, 

where S n is the symmetric group of degree n. Moreover, we denote 
with MCG(T 9 ) the mapping class group of T g with no punctures. 

Let Hg be an orientable handlebody of genus g and denote with 
A G Hg a, properly embedded trivial arc (i.e., there exists a disk DcH 9 
with A n D = A n dD = A and dD - A C <9H S ). The boundary of H 9 is 
a closed orientable connected surface of genus g with two distinguished 
punctures Pi and P 2 on it, which are the endpoints of A. In this 
article we are interested in determining generators for the subgroup £f 
of PMCG2(T 9 ), consisting of the elements which admit an extension 
to H 9 fixing A. 

The model for a genus g handlebody H g will be the one depicted in 
Figure [TJ and A C H 9 will be the properly embedded trivial arc dashed 
in the figure. 

In order to simplify notation, we will use the same symbol to denote 
a homeomorphism and its isotopy class. Moreover, ip will denote an 
extension to H 9 of a homeomorphism ip of T g . The right-handed Dehn 
twist along a simple closed curve e will be denoted with t e , while sp j6 
will denote the spin of P about e (see |T]). 
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Now we briefly recall some homeomorphisms of T g that admit an 
extension to H 9 keeping A fixed (for details see [TT]). 




Figure 1. A model for H 9 . 
Rotation: let p be the clockwise —-rotation of H„ around the 

9 9 

axis containing the punctures Pi and P2. The restriction of this 
homeomorphism to T g will be denoted with p. 
Semitwist of a knob: let Di be the 2-cell depicted in Figure 
and let 5i = dDi, for i — 1, . . . , g. Then Di cuts away from H g a 
solid torus Ki, containing the i-th handle Vi, that will be called 
the i-th knob. We denote with oJ, the homeomorphism of H 9 
obtained by cutting H 5 along Di, giving a semitwist counter- 
clockwise to Ki and gluing it back, for i = 1, . . . , g. Moreover, 
we set uji = (uJi)\ Tg . Notice that uf is isotopic to the Dehn twist 
along 5i. 

Twisting a handle: Referring to Figure let $ = dBi, for i = 
1, . . . , g. We denote with the right-handed Dehn twist along 
Note that r« admits an extension to H 9 whose effect is to 
give a complete twist to the i-th handle, for i — 1, . . . , g. 

Slides: Referring to Figure ^ let Zi (resp. Z[) be the center of 
the properly embedded meridian disc Bi C H 9 (resp. B[ C 
H 5 ). Moreover, denote with the genus (g — 1) handlebody 
obtained by removing the i-th handle Vi from H 9 , and let e 
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(resp. e') be a simple closed curve on dR g — {Pi, P 2 } containing 
Zi (resp. Z-), with Z[ e (resp. Z { e'). Such a curve will 
be called an i-loop (resp. an i'-loop). Consider the spin sz ue on 
dH g . We can suppose, up to isotopy, that sz i>e {Bi) = Bi and 
sz u e{B'i) = B[. So, extending sz ue by the identity on dVi, we 
obtain a homeomorphism of T g which will be denoted with <7; ie 
and called the slide of Zi along e. In a completely analogous 
way, given a z'-loop e', we can define a slide of Z 4 ' along e' 
and denote it with a' v e ,. Let 5 = {<7i >e | e is an z-loop , i = 
1, . . . , g} U {(jj', e , | e' is an i'-loop , i' = 1, . . . , g}. Moreover, we 



set 9ij 



a 



/ 



0",- 



•9iji 



a 



iji) 



(resp. 



T i',e' i 



&j = a 'i',g'^ v ik = a i'J'J> where e iii9ivf^ e 'iji9'ivf'ik are the 
curves depicted in Figure |2l with i,j = l,...,g, i ^ j, and 
k = l,2. 




j-th handle 



r 



r-th handle 



Figure 2. The loops e ij} g ij} f ik , e' ip g' ip f[ k , on H^. 

Exchanging two knobs: referring to Figure El let Cj (resp. Cj) 
be the 2-cell on dH g (resp. dW g ) bounded by z/j (resp. Vj) not 
containing Kj (resp. Ki). Denote with D a tubolar neighbor- 
hood of Ci U e U Cj on T 9 . Let p'^ be the homeomorphism of T 9 
obtained by exchanging dKi with dKj in such a way that p\- 
twists Ci U e U Cj inside -D through 7r radians in the clockwise 
direction. So, p\j{C^) = Cj, p'ij(Cj) = Ci p\j{e) = e and p\j is 
the identity outside a tubolar neighborhood of Ki U e U Kj. We 
set = UjUip'ij, for i, j = 1, . . . , g and i ^ j. 
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Proposition 1 ([TT]). Let eo, . . . , e n (resp. e' , . . . , e' n ) be i-loops (resp. 
i! -loops) such that e (resp. e' ) is homotopic to e\ • • • e n (resp. e[ • • • e' n ) 



on dW g - {P u P 2 , Z[} rel Z, (resp. dW g - {P u P 2 , Z { } rel Z'J. Then cr <t . 



(resp. o-'^yj is isotopic to a i>ei ■ ■ ■ a it e n (resp. a' v ^ ■ ■ ■ o' V e! J modulo 7*. 

Proposition 2 The subgroup S 9 of MCG(T 5 ), contain- 

ing the elements of MCG(T 9 ) that extend to H g is generated by 

3. Main result 

In this paragraph we establish the main result of the article. 

Theorem 3. The subgroup £f of PMCG2(T 9 ) is generated by 
P, P12, £12, &12, n,wi, 7711,7712 if g > I, andn,^,^ if g = I, where 7 
is the curve depicted in Figure^ 

Before giving the proof we need some preparatory lem- 
mas. Denote with y 9 the subgroup of £f generated by 
Piv £y > &j> d iv T h u h Vn, Vi2, V'a, Vi2, with h j = 1, • • • , 9 and i j. 

Lemma 4. Let e (resp. e') be ani-loop (resp. i'-loop). Then o~i fi (resp. 
a' i e ,) is isotopic to a product o/Q r //,,,. r, (resp. ^,0^,7]'^,^), for 
j = 1, . . . ,g, k = l,2 andi^ j. 

Proof. Since ( , r g, r f,,,.. (resp. e^, g' ij7 fl k ) with j = 1, . . . , n, k = 1, 2 
and i 7^ j, are a free set of generators of TZ\{dW g — {Pi, P 2 , Z^}, Zj), (resp. 
TTi(dH g — {P\, P%, Zi}, Z-)) the lemma follows from Proposition ^ D 




Figure 3. Exchanging two knobs. 
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Lemma 5. For each f G £f there exists an element fo G y g such that 
f f is the identity on the i-th handle. 

Proof. By Lemma EJ S C y g . Therefore, using the same arguments 
as in the proof of Lemma 4.4] we have that f f is the identity 
on a meridian disk of the i-th handle and so, up to isotopy, on all the 
handle. □ 

Proposition 6. For g > 1 and 1 < m < n, consider the homomor- 
phism j g ,n t m '■ PMCG n (T 9 ) — > PMCG m (T 9 ) induced by the inclusion. 
Then keij g ^ m = vri(F m>n _ m (T 9 )) ; where F m ^ m (T g ) denotes the con- 
figuration space of n — m points in T g — {Pi, . . . P m }- 

Proof. Let P\,...,P n be distinct points on T g . As in |XJ Theorem 
4.1], it is possible to prove that the evaluation map e : jF m (T 3 ) — > 
F mi „_ m (T 9 ), given by e(V>) = (ip(P m+ x), . . .,ip(P n )), is a locally trivial 
fibering with fibre .F n (T s ), so the following exact sequence holds: 

(T 9 ), {Pm+i, ■ P n )) -> ^(^(Tg), id) -> ^(^(Tg), id) -> 

Since 7ro(jF fc (Tg), id) = PMCGfc(T g ) and j# is induced by the inclu- 
sion, it is enough to prove that ker(d # ) = 1 to get the statement. 
Proceeding as in the proof of PjJ Lemma 4.2.1], we obtain that ker(d^) 
is contained in the center of 7r 1 (F m)ri _ m (T 9 ), (P m+ i, . . . , P n ))- Now we 
will prove, by induction on k, that the center of 7ti(F m ^(Tg), *) is triv- 
ial. For k = 1 we have iri(F mA (T g ),*) = ni(T g - {P u . . . , P m }, *), 
which is a free group on 2g + m — 1 > 1 generators. Now let 
k > 1. By Theorem 1.2] for each 1 < r < k the projec- 
tion 7r : F m ^(T g ) — > F m ^ r (T g ) is a locally trivial fibering with fiber 
F m+rjk _ r (T g ). Since 7r s (F mjl (T g )) = rr 3 {T g - {P 1 ,...,P m }) = 1 and 
^2{F m ,i(J g )) = ^(Tg - {P 1 ,...,P m }) = 1, from the long exact se- 
quence of the above fibration, for r = 1, we get 7r 2 (F m+l fc _ 1 (Tg)) = 
7T2(-Fm,fc(T 9 )). So an inductive argument shows that 

7T2(-^m,fe-l(Tg)) = 7r 2 (F m+ i ifc _ 2 (Tg)) = • • • = 7r 2 (i^ m+ A;_2,l(Tg)) = I. 

Then, from the long exact sequence of the fibration in the case r = k — 1 
we get 

1 -> 7ri(F m+fc _i il (Tg)) 4- 7Ti(F OT)fc (T fl )) ^ 7ri(F OT)fc _i(T fl )) -> 1. 

Now, by the induction hypothesis, the center of 7ii(F mt k-i(T g )) is 
trivial. So the center of 7ii(F m ^(T g )) is contained in ker(7r#) = 
i#(7Ti(F m+fc _i > i(Tg))) = m(F m+k ^ 1;1 (T g )), which is centerless. □ 

Remark 7. As in P[J pp. 158-160], a system of generators of 
keTjg tTl)m can be constructed as follows. Let E n be a set of genera- 
tors of 7T;l (Tg — {-Pi, • • • P m }, Pn), such that for each e G E n , we have 
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e fl {Pi, . . . , P n } = {P n }- Moreover, for each i = m + 1, . . . , n — 1, 
denote with Ei a set of generators of 7i"i(T s — {P 1; . . . P m }, Pi) such 
that e fl {Pi, . . . , P n } = {Pi} and each loop of E { is free homotopic 
on T g — {Pi, . . . , P m } to a loop in E n . Then ker j 9 n m is generated by 
{s ij£ | e e E h i = m + 1, . . . ,n}. 




Figure 4. The case of genus one. 

Now we are ready to prove Theorem El 

Proof. Suppose that y 9 = £f . From the relations in [TTJ Section 3], and 
since rj ik = /0*~ 1 f7ifc/°~ ( *~ 1) , Va = ^Vn^i an d r]' i2 = u^u' 1 , for i = 
l,...,g, the subgroup y 9 is generated by p, p 12 , £12, #12, n, wi, ?7ii, ^12 
if (7 > 1, and by Ti, u>x, rjn, 7712 if g — 1. This completes the proof when 
# > 1. If # = 1, referring to Figure EJ we have rju = t Vl tz£ = t Vl and 
T)i2 = h^xl = Moreover, ^ ~ 7, xi - V?' and ^i(^i) = V 3 '- 

Now we show, by induction on the genus, that y 9 = £f • Let £f be the 
subgroup of £| containing the isotopy classes of the homeomorphisms 
that are the identity on the boundary of the g-th handle V g . By Lemma 
up to composing with an element of y 9 , we can suppose that each 
/ G £f belongs to £f . So it is enough to show that £f C y 9 . 

Let / : T g — > T g be a homeomorphism fixing <9V^ pointwise and 
whose isotopy class belongs to £f- By cutting out the g-th. handle, 
and capping with the two disks B g and B' g , we can identify / with 
a homeomorphism /' of T g _i, such that /,' ; = Id and /' = / on 

Tg — (B g U B'). Moreover, by shrinking B g and B' g to their centers 
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Z g and Z' g , the map /' becomes a map / of T 9 _ 4 fixing Z g and Z' g . In 
order to simplify the notation, we set P3 = Z g and P 4 = Z' . Obviously, 

/ extends to H 9 _i fixing A. Note that isotopies of / rel {P 4 , P 2 , P3, P 4 } 
correspond to isotopies of / rel {Pi,P 2 } and the isotopy class of / is 
trivial in PMCG 4 (T g _!) if and only if the isotopy class of / belongs to 
the subgroup generated by r g in PMCG 2 (T 9 ). 

Let E 9 ~ x be the subgroup of PMCG 4 (T 9 _i) consisting of the elements 
which extend to the handlebody keeping A fixed. Note that for each 
g G S 9 ^ 1 we have g = f, for a suitable /. Let g = 1. We have that 




Figure 5. Spin s i3 - on S 2 . 

PMCG 4 (S 2 ) = F 4i o/center(F 4i0 ) and a set of generators for PMCG 4 (S 2 ) 
is given by {s^ \ i,j = 1, . . . ,4; i < j}, where is the spin of Pj along 
the curve dij depicted in Figure El (see P] Lemma 1.8.2, Theorem 4.2]), 
which is equal to the Dehn twist along the curve d'^. Obviously, 

extends to the 3-ball fixing A, and therefore PMCG 4 (S 2 ) = £°. It is 
easy to see that s i4 = r)' u , S13 = fju, s 24 = r][ 2 , s 23 = fji2 an d, since d' 12 
is isotopic to d' 34 on S 2 rel {Pi, P 2 , P3, P 4 }, we have s 42 = S34 = t$ 1 = uf. 
So the isotopy class of / is generated by T)' n , rjn, r]' 12 , 7712, uif, T\. As a 
consequence ^ C 

Now let g > 1. The homomorphism j 9 _i i4j2 : PMCG 4 (T 9 _ 4 ) — ► 
PMCG 2 (T g _!) of Proposition El restricts to a homomorphism 

j = (j s _ 1,4,2) : £ 9 1 — *■ £f~ ■ ^° a se ^ °f generators of E 9 ~ x is given 
by the generators of ker j and the preimages of the generators of £f _1 . 
By Remark [71 ker j is generated by spins of Z g and about appro- 
priate loops not containing Pi and P 2 . So they correspond to slides 
of Z g and Z' g on T g , which are elements of y g by Lemma 01 More- 
over, by the induction hypothesis £f~ = y a ~ x . Since we can suppose 
that the generators of y 9_1 keep Z g and Z' g fixed, they correspond to 
element of y 9 . So, as above, the isotopy class of / is generated by 
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Pv> &i> 9 ij> Ti ' ^2' with = !> !> * ^ J, 

and £ fli , 0^, OT -, rjgu Vg2, rfgvV&i T g^ with 3 = !> ■ ■ ■ ,9 ~ 1 - As a con- 
sequence £2 — y g - ^ 
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